A first-principles pseudopotential study of neutral self-interstitial defects in silicon is reported, together with calculations for Pandey's concerted exchange mechanism for selfdiffusion. The energies and structures of the fully relaxed hexagonal, tetrahedral, split-110 , 'caged' (Clark S J and Ackland G J 1997 Phys. Rev. B 56 47), split-100 , and bond-centred interstitials are calculated using supercells with up to 128 + 1 atoms. We present results obtained using the local density approximation (LDA) and the PW91 generalized gradient approximation (GGA) for the exchange-correlation energy. Both the LDA and PW91-GGA functionals give the hexagonal and split-110 defects as the lowest-energy self-interstitials. The hexagonal and split-110 defects are essentially degenerate in energy with formation energies of about 3.3 eV (LDA) and 3.80 eV (PW91-GGA). Energy barriers are studied by calculating saddle-point structures using a simple 'ridge-walking' method. The energy barrier for a diffusive jump between the hexagonal and split-110 interstitial sites is calculated to be 0.15 eV (LDA) and 0.20 eV (PW91-GGA) and the barrier between neighbouring hexagonal sites is 0.03 eV (LDA) and 0.18 eV (PW91-GGA), but we have not found a low-energy path between split-110 interstitial sites. The results suggest that self-interstitial diffusion in silicon occurs via diffusive jumps between the hexagonal sites and between hexagonal and split-110 defects.
Introduction
The most important intrinsic point defects in silicon are vacancies and self-interstitials [1, 2] . In thermal equilibrium the concentration of vacancy and self-interstitial defects in silicon is small because their formation energies are several eV. Interstitials are often created during processing, such as in ion implantation [3] , plasma etching, or chemical treatments, and they may also be created by irradiation. Both vacancies and interstitials are mobile, so they can annihilate one another, or form other defects such as pairs or larger complexes, or they may combine with dopant or impurity atoms. One of the important problems encountered in improving electronic devices is that the diffusion of dopant atoms during thermal processing of the device may limit how small the device can be made [2] . As this diffusion is intimately linked with the presence of intrinsic point defects it is important to have a good understanding of vacancy and self-interstitial defects in silicon.
In this paper we study the neutral silicon self-interstitial. Silicon self-interstitials have not been detected directly, but their presence has been inferred from various measurements [1] . The self-diffusion constant or self-diffusivity of silicon can be measured at high temperatures using radioactive isotopes of silicon as tracers, but of course this measurement does not tell us which diffusive mechanism or mechanisms are operating. The experimental data for self-diffusion have established an Arrhenius behaviour with an activation energy in the range 4.1-5.1 eV [4] . The self-diffusivity, D SD , is usually written as the sum of contributions from independent diffusive mechanisms. The contribution of a particular microscopic mechanism can be written as the product of the diffusivity, D i , and the concentration, C i , of the relevant defect, i.e.,
where the f i are correlation factors of order unity. In a recent review, Gösele et al [5] gave experimental estimates of the contributions to the self-diffusivity from self-interstitials and vacancies as 
where k B T is in units of eV. These results predict that self-interstitial diffusion is important at higher temperatures and is dominant above ≈1200 K. Similar results have been obtained by Bracht et al [6] who give 
which predicts that self-interstitial diffusion dominates above about ≈1100 K.
The experimental situation regarding self-diffusion in silicon is, however, still highly controversial, especially when it comes to the individual values of D i and C i . Indeed, experimental data have been used to support values of the diffusivity of the silicon selfinterstitial, D I , which differ by ten orders of magnitude at the temperatures of around 800
• C at which silicon is processed [2] .
Clearly self-diffusion in silicon is both technologically important and imperfectly understood, and our aim is to perform an accurate first-principles study which can help clarify the situation. Because of the paucity of direct experimental information about silicon self-interstitials the reliance on calculated properties is substantial. We have performed a series of first-principles density functional theory (DFT) calculations using the local density approximation (LDA) [7] and the PW91 generalized gradient approximation (GGA) [8] for the exchange-correlation energy. We have considered both the relaxed structures and the diffusive paths for self-interstitial atoms. Our aim is to perform a reasonably comprehensive study at the LDA and PW91-GGA level, being careful to check the convergence of the calculations. This allows us to make more detailed comparisons between the various defects and possible diffusion processes than has previously been possible.
There have been a large number of previous studies of silicon self-interstitials using methods similar to ours [9] [10] [11] [12] [13] [14] [15] [16] , and it is legitimate to ask why another one is needed. A few of the more important reasons are:
(1) In two recent LDA studies of silicon self-interstitials the lowest-energy defects were found to have energies around 2.2 eV in one study [15] and 4.2 eV in the other [16] . This discrepancy is large enough to affect the comparison with experimental diffusion data, and it must be resolved. (2) In a recent LDA study [15] a new low-energy interstitial configuration was found and named the 'caged' interstitial. This needs to be tested by further calculations. (3) The GGA approach to DFT has gained in popularity in recent years and, as far as we are aware, this is the first GGA study of self-interstitial defects in silicon. (4) The nature of the diffusive paths between the low-energy structures is very important and our understanding of them is far from complete. These paths are necessary inputs to thermodynamic integration calculations of the self-diffusion constant, and they can also be used to understand the diffusive jumps that occur in molecular dynamics simulations.
Calculational methods and convergence tests
Our calculations are based on the Kohn-Sham density functional theory (KS-DFT) using LDA [7] and PW91-GGA [8] density functionals. Within the LDA the contribution to the exchange-correlation energy at a point r in space is taken to be that in a uniform electron gas of charge density n(r). In GGAs the contribution to the exchange-correlation energy at r is approximated by a non-linear function of n(r) and |∇n(r)|. The LDA works well for nearly uniform systems but less well for systems with highly inhomogeneous charge densities. GGAs tend to lower the energies of systems with more inhomogeneous charge densities.
We have used a norm-conserving pseudopotential for the Si 4+ ion generated from allelectron atomic LDA calculations via the method of Troullier and Martins [17] . A supercell approach is used in which a unit cell containing a single defect is repeated throughout space to retrieve three-dimensional periodicity. We used the experimental value of the lattice constant of 5.429 Å for all calculations. The one-electron Schrödinger equations are solved using iterative methods. The positions of the atoms are relaxed using the forces on the atoms. A review of these methods can be found in reference [18] .
We will not discuss our calculational methods in detail because they are standard; however, we will devote some space to the convergence of our results with respect to the size of the basis set, the quality of the Brillouin-zone (BZ) integrations, and the size of the supercell. Our calculations were performed using a plane-wave basis set. The BZ integrations were performed by sampling a regular mesh of points in reciprocal space. We used fcc supercells whose translation vectors were integer multiples of the primitive translation vectors of the diamond structure. These integer multiples are denoted by n, so an n × n × n supercell of the perfect diamond structure contains 2n 3 atoms. First we checked the convergence with respect to the size of the basis set. LDA formation energies for the tetrahedral, hexagonal, and split-110 interstitials for an n = 2 supercell with various different basis-set energy cut-offs up to a maximum of 36 Ryd are shown in table 1. These results indicate that the energy differences between the defect structures are converged to 0.03 eV with the 12 Ryd cut-off, which was used for most of the results reported in this paper. However, each of the defect formation energies calculated with a 12 Ryd cut-off is subject to a basis-set correction of about −0.3 eV. Table 1 . Self-interstitial defect formation energies in eV calculated within the LDA as a function of the plane-wave cut-off energy for the n = 2 simulation cell and using the m = 4 k-point mesh. Second we checked the convergence with respect to the quality of the BZ integration. We have tested the quality of the BZ integration on the perfect diamond structure, and the tetrahedral, hexagonal, and split-110 interstitials. We define the density of the BZ sampling by an integer, m, and we sample m × m × m meshes of k-points in the BZ. These grids are of the equally spaced Monkhorst-Pack type [19] , but are centred on an L point of the BZ. This centring gives the same k-point meshes as the Monkhorst-Pack definition for even values of m, but gives superior BZ integrations for odd values. Our meshes also have the advantage that the quality of the BZ integration varies smoothly with m. Some LDA results from these tests are shown in table 2. After testing various values of n and m on the above structures we have selected m = 4 for n = 2, m = 3 for n = 3, and m = 2 for n = 4 for the calculations reported Table 2 . Self-interstitial defect formation energies in eV calculated within the LDA as a function of the k-space integration scheme for the n = 2 simulation cell with a 12 Ryd plane-wave cut-off energy. indicates that only the point of the simulation cell was included, while L indicates that only the L point was included, and the other data are for m × m × m meshes of the type described in the text. here, which our tests show give errors in the energy differences between structures of about 0.03 eV.
We also tested the convergence of the energies and relaxed structures with respect to the size of the supercell, i.e., with respect to n. Some results from these tests are given in table 3 , which show that the LDA total energies converge quite rapidly with the size of the supercell. The defect formation energies for the n = 2 and n = 4 supercells differ only by about 0.1 eV. The relaxed structures change by a small amount on going from the n = 2 to n = 3 supercells, but the further change on increasing the supercell to n = 4 is extremely small. Finally we tested the effect on the structures of replacing the LDA by the PW91-GGA. This effect was very small and we decided to use the relaxed LDA structures for all the calculations presented here. Table 3 . Self-interstitial defect formation energies in eV calculated within the LDA as a function of the size of the simulation cell, denoted by n (see the text). A plane-wave cut-off energy of 12 Ryd was used and the BZ integrations are performed using m × m × m k-point meshes with m = 4 for n = 2, m = 3 for n = 3, and m = 2 for n = 4, which give very good BZ integrations in each case. From the above results we estimate that the errors due to the BZ integrations and from the finite supercell are negligible for the n = 4, m = 2 results given in table 3. These results still show a significant error in the formation energies of about −0.3 eV due to the use of a 12 Ryd basis-set energy cut-off, but because it appears to be an almost constant error it is easily corrected for.
Energies and structures of the self-interstitial
A large number of possible structures for the silicon self-interstitial have been proposed. The most widely studied are the hexagonal, tetrahedral, split-110 , split-100 , and bond-centred structures. Recently Clark and Ackland [15] performed a first-principles LDA study of the silicon self-interstitial and found a new low-energy interstitial site which they named the 'caged' interstitial. There are disagreements between the various calculations concerning the energies of the various defects, but the general consensus among first-principles LDA calculations is that the hexagonal, tetrahedral, and split-110 interstitials are low in energy, while the split-100 and bond-centred structures are significantly higher in energy. Clark and Ackland [15] found their 'caged' interstitial to belong to the low-energy group.
Unless stated otherwise, the results quoted in this section are for the n = 4 cells with m = 2 BZ sampling and a 12 Ryd cut-off, with a basis-set correction applied. These corrections are obtained as the difference between results for n = 2, m = 2 calculations with 12 Ryd and 36 Ryd cut-off energies. Results for such calculations are reported in table 1 for the lowestenergy defects. In each case we used structures which were fully relaxed within the LDA. The final energies of the interstitial defects are reported in table 4 and the LDA energies are compared with those obtained by other authors in table 5. Table 4 . Best estimates of the self-interstitial defect formation energies, E F , calculated within the LDA and PW91-GGA. These results were obtained from n = 4, m = 2, 12 Ryd calculations (see table 3 for the LDA data), with an additional basis-set correction as described in the text. [14] . c Clark and Ackland [15] . d Lee, Lee, and Chang [16] . e Pandey [23] .
The first proposal that the split-110 interstitial might be the most stable self-interstitial in silicon was by Bar-Yam and Joannopoulos [11] , who called it the X configuration. Our calculations give the formation energy of the split-110 interstitial as 3.31 eV (LDA) and 3.84 eV (PW91-GGA). Our LDA value is in excellent agreement with the first-principles calculations of Blöchl et al [14] , who obtained an LDA formation energy of 3.3 eV for this defect using a 64-atom supercell, but is not close to the LDA values of 2.16 eV obtained by Clark and Ackland [15] and 4.19 eV by Lee et al [16] . The structure of the split-110 interstitial is illustrated in figure 1. Below we list the atomic positions in a Cartesian basis and units of Å for our relaxed split-110 defect. Atoms 1 and 2 share the lattice site at the origin and atoms 3 to 6 are the near neighbours. The bond between the two atoms forming the split interstitial is 2.44 Å long, which is slightly longer than the bond length in bulk silicon of 2.35 Å. The atoms forming the split interstitial are fourfold coordinated, while two of the neighbouring atoms are fivefold coordinated. The LDA band gap for the relaxed structure calculated from the band energies at the k-points used for the self-consistent calculation was 0.51 eV, which is not much smaller than the band gap of 0.81 eV for the perfect diamond structure at these k-points. (The calculated minimum gap for the perfect diamond structure considering all k-points was 0.55 eV within the LDA.) To determine whether any of the states with energies around the gap region were localized on the defect we integrated the modulus squared of each wave function over spheres of various radii centred on the defect. We were unable to find any indication of localized defect states. We have also found that the band gap for the defect structure is sensitive to the size of the simulation cell, which also indicates that there are no strongly localized states in the gap. We conclude that the split-110 interstitial has either very shallow states in the gap or no states in the gap. We note that, on the basis of their first-principles calculations on the split-110 interstitial, Car et al [13] have stated that 'no states in the gap are associated with this structure'. We have studied the new 'caged' interstitial proposed by Clark and Ackland [15] . Clark and Ackland performed a first-principles LDA study of silicon self-interstitials, obtaining energies of formation of 2.16 eV for the split-110 interstitial and 2.45 eV for the hexagonal interstitial. Note that these energies are about 1 eV lower than our LDA results and are also significantly different from the energies found in previous studies. Clark and Ackland stated that the reason for the differences from previously published first-principles results was that the previous studies used an insufficient number of k-points in the Brillouin-zone integrations. Our calculations do not support this conclusion. We have found that the various self-interstitial energies converge fairly rapidly with the number of k-points. The results of our convergence tests are in agreement with the statements of Blöchl et al [14] . For their best calculations of the static defect structures Blöchl et al [14] used 27 k-points for a cell containing 64 + 1 atoms, which our tests indicate gives an excellent BZ integration.
The starting coordinates for the caged-interstitial calculation were obtained from the relaxed coordinates of Clark and Ackland †. We took the positions of the interstitial and neighbouring atoms from their set and added further shells of atoms at the perfect atomic positions. All the atomic positions were then relaxed. Clark and Ackland's caged interstitial can be viewed as a distorted split-110 interstitial. In our calculations the caged structure relaxed to the split-110 interstitial, and we could not find a separate energy minimum for the caged structure.
Our calculations show that the hexagonal self-interstitial has a formation energy of 3.31 eV (LDA) and 3.80 eV (PW91-GGA), so it is essentially degenerate with the split-110 interstitial. The structure of the hexagonal interstitial is illustrated in figure 1 . Below we list the relaxed atomic positions in Å for the hexagonal self-interstitial and its six nearest neighbours. The origin of coordinates is on the hexagonal interstitial, which is the centre of inversion of the structure. The relaxations of the six nearest neighbours are quite significant in this structure as, for instance, the unrelaxed position of atom 2 would be (0.679, 0.679, −2.036). The hexagonal interstitial atom is sixfold coordinated, while its six neighbours are fivefold coordinated. The calculated LDA band gap for the relaxed hexagonal structure is 0.57 eV, which is slightly larger than for the split-110 defect. We carried out the same tests for localized defect states mentioned above, but found no sign of them, indicating that the hexagonal interstitial has either no states in the gap or only shallow states in the gap. This appears to be a new result, which we have not seen elsewhere in the literature. The absence of states in the gap of the uncharged defect does not necessarily mean that charged states of the defect do not exist, as they could be induced by further lattice distortions. We have performed calculations for charged defects by adding and subtracting one or two electrons from the supercell and including a uniform neutralizing background charge density, but we have not been able to locate localized electronic states for either the hexagonal or split-110 defects. This result is in conflict with a number of earlier studies [9-12, 16, 20, 21] which report LDA calculations on various charged states of the hexagonal self-interstitial. As remarked earlier, the band gaps of the defect structures are sensitive to the size of the simulation cell, and we believe that our use of a larger cell is the reason for this difference from earlier results. Calculations for the tetrahedral interstitial were performed with the constraint that the structure retained the tetrahedral symmetry. We found the tetrahedral self-interstitial to have a formation energy of 3.43 eV (LDA) and 4.07 eV (PW91-GGA), which are slightly higher than the energies of the hexagonal and split-110 interstitials. The structure of the tetrahedral interstitial is illustrated in figure 1 . Below we list the relaxed atomic positions in Å for the tetragonal self-interstitial and its four nearest neighbours, with the origin of coordinates on the tetrahedral interstitial. The relaxations of the nearest neighbours for the tetrahedral self-interstitial are a little smaller than for the hexagonal structure as, for instance, the unrelaxed position of atom 2 of the tetrahedral structure would be (−1.357, 1.357, −1.357). The tetrahedral interstitial atom is fourfold coordinated while its four neighbours are fivefold coordinated. In common with earlier studies we find that the tetrahedral position is not a minimum of the energy surface because it is unstable, for example, with respect to a small displacement towards the hexagonal positions, e.g. along the [111] direction for the above atomic coordinates. The fully relaxed tetrahedral interstitial has states within the fundamental band gap. The split-100 interstitial is calculated to have a formation energy of 4.56 eV (LDA) and 4.98 eV (PW91-GGA). The bond length is 2.19 Å, indicating that it is significantly compressed compared with the bulk bonds. The split-100 interstitial has electronic states within the fundamental band gap. We have found that there is no stable split-111 interstitial.
The bond-centred interstitial is calculated to have a large formation energy of 4.78 eV (LDA) and 5.39 eV (PW91-GGA). In the bond-centred configuration an atom is inserted in the middle of a bond, and the distance to the nearest neighbours after relaxation is calculated to be 2.25 Å. The energy of the bond-centred defect is lowered if the central atom is moved off the bond centre in directions perpendicular to the bond. Therefore it is not a minimum in the energy or a first-order saddle point, but is some higher-order saddle point. This means that it is unlikely to be involved in the self-diffusion process. The bond-centred interstitial has electronic states within the fundamental band gap.
As the split-100 and bond-centred interstitial defects have such large formation energies we will not consider them further here.
Migration energies
The first stage of the investigation has been to determine the equilibrium structures and energies of some possible interstitial defect structures. We now investigate the possible diffusion paths between the low-energy structures. These calculations are performed at zero temperature and are complementary to finite-temperature calculations. Molecular dynamics (MD) simulations using first-principles calculations of the atomic forces have been performed, including two studies of self-diffusion in silicon [14, 15] . However, first-principles MD studies of selfdiffusion in silicon are only practical at temperatures close to the melting point, since at lower temperatures the diffusion events are too rare to be observed on the timescale of the MD simulation. An alternative method was employed by Milman et al [22] to study Li, Na, and K ions diffusing in silicon, which involves thermodynamic integration along the diffusion path. However, to use this method one has to know the diffusion path beforehand.
We have developed a technique for locating saddle points which is simple and robust and which is described in the appendix. This method finds a saddle point at which the forces on the atoms are zero, although without extensive further computation one cannot determine whether the order of the saddle point is one or greater than one. Also, one cannot rule out the possibility that some lower-energy path exists, and therefore our results are upper bounds to the true barrier heights. We have used our method to locate saddle points on the path between the hexagonal and split-110 configurations, and between neighbouring hexagonal configurations. Our coordinates for the saddle point between the hexagonal and split-110 interstitial are given below with the origin on an atomic site of the crystal. Atom 1 will become the hexagonal interstitial, while atoms 1 and 2 will form the split-110 interstitial and atoms 3 to 6 are the near neighbours. The bond between atoms 1 and 2 is 2.25 Å long, i.e., slightly compressed from the bulk bond length. The energy of the saddle-point configuration is 0.15 eV (LDA) and 0.20 eV (PW91-GGA) above those of the essentially degenerate hexagonal and split-110 interstitials †. An earlier LDA estimate of this barrier obtained using first-principles calculations on a 16 + 1 atom cell but without full relaxation to the saddle point gave 0.4 ± 0.4 eV [11] , whereas a more modern LDA calculation gave 0.15 eV [16] , in agreement with our value.
We have given the coordinates of the saddle-point and split-110 structures with respect to one origin of coordinates, whereas the coordinates of the hexagonal interstitial were given with respect to another origin of coordinates on the interstitial atom. The nature of the diffusive path in configuration space is more clearly seen if we use the same origin of coordinates for each of the structures. This can be achieved by adding the vector (−0.679, −0.679, +2.036) to the hexagonal coordinates. From this we can see that the relaxation of the near neighbours is considerably smaller than the movements of the two atoms which form the split-110 defect. The path can therefore be illustrated by the coordinates of these two atoms. For the split-110 we have: These sets of coordinates clearly show that the minimum-energy diffusive path is strongly curved in the configuration space. We have not been able to locate a low-energy path for a diffusive jump between split-110 defects centred at different sites. We have, however, found a very low-energy path for diffusion † Because the energy difference between the hexagonal and split-110 interstitial defects is of order the estimated convergence error of our calculations we quote the barrier height with respect to the average of the two defect energies.
between neighbouring hexagonal sites. We consider a diffusive jump between a hexagonal site at the origin of coordinates and one of its neighbouring hexagonal sites at (−0.25, −0.25, 0)a, where a is the cubic lattice constant of 5.429 Å. This mechanism is essentially a single-atom jump, i.e., only the interstitial atom itself moves by a large amount during the diffusive process. Using units of ångströms, the hexagonal interstitial is initially at 1: 0.000 0.000 0.000 while at the saddle point: The diffusive path is strongly curved. At the saddle point the diffusing atom is quite close to the tetrahedral site, which is at (−0.679, −0.679, −0.679) Å. The energy of the saddlepoint structure is 0.03 eV (LDA) and 0.18 eV (PW91-GGA) higher than that of the hexagonal interstitial.
The concerted exchange mechanism
There are many possible mechanisms for self-diffusion which do not involve self-interstitial atoms. It has long been recognized that self-diffusion can occur without the involvement of intrinsic defects if nearby atoms of the perfect lattice exchange with one another. Pandey [23] proposed a specific path for such an exchange in diamond-and zinc-blendestructure semiconductors and he performed first-principles calculations of a similar type to those reported here for the case of silicon. In Pandey's concerted exchange mechanism a pair of nearest-neighbour atoms interchange via a path involving a complicated three-dimensional motion which allows the atoms to avoid large barriers. Pandey described the motion of the atoms during the exchange process in terms of two angles, θ and φ [23] . Consider the concerted exchange of two atoms joined by a bond in the [111] direction of the diamond lattice. The angle θ represents a rotation of the pair of atoms about their bond centre in the (110) plane, while the angle φ is an independent rotation about the original direction of the bond [23] . Along the concerted exchange path the bond direction is     cos θ − Our calculated coordinates for the saddle point of the concerted exchange are given below in units of Å with the origin on the middle of the bond between the two exchanging atoms, which is the centre of inversion of the structure. The two exchanging atoms are numbered 1 and 2, while atoms 3 to 8 are the near neighbours. The relaxed bond length between the exchanging atoms at the saddle point is 2.15 Å, which is somewhat shorter than the bulk bond length and is in reasonable agreement with the value of 2.19 Å given by Kaxiras and Pandey [24] . At the saddle point two bonds are broken, so the exchanging atoms and two other atoms are threefold coordinated.
The original LDA calculations of Pandey [23] gave a saddle-point energy for a 54-atom supercell of 4.5 eV, which he estimated would be reduced by 0.2 eV by relaxations in a very large supercell. Our LDA value for the 54-atom cell of 4.71 eV is in good agreement with Pandey's value. For our 128-atom cell we obtained saddle-point energies of 4.58 eV (LDA) and 4.93 eV (PW91-GGA).
Conclusions
Both the LDA and PW91-GGA density functionals give the lowest-energy self-interstitial defects as the split-110 and hexagonal configurations, with the tetrahedral interstitial being slightly higher in energy. We predict the split-110 and hexagonal interstitials to be essentially degenerate in energy to within the convergence of the calculations using either of the density functionals. Our LDA energy for the split-110 interstitial is in good agreement with that of reference [13] , but is significantly different from those of references [15] and [16] . Our results do not support the existence of an energy minimum for a 'caged'-interstitial structure [15] .
We have not found any well-localized electronic states within the fundamental band gap of the low-energy hexagonal and split-110 configurations, although we cannot rule out the possibility that shallow states exist within the gap. It is an open question whether this is a consequence of the famous 'band-gap problem' of DFT [25] or whether it is a correct physical result.
We calculate the activation energy for Pandey's concerted exchange to be 4.58 eV (LDA) and 4.93 eV (PW91-GGA). Although these values are in reasonable agreement with experimental measurements of the activation energy for self-diffusion we have found the sum of formation and migration energies for interstitial self-diffusion to be 1 eV smaller, and therefore we expect self-interstitial diffusion to dominate.
We have found a low-energy path for diffusive jumps from the split-110 to hexagonal selfinterstitial sites with a migration energy of 0.15 eV (LDA) and 0.20 eV (PW91-GGA). A path also exists for diffusive jumps between neighbouring hexagonal sites with a migration energy of 0.03 eV (LDA) and 0.18 eV (PW91-GGA). The existence of two almost degenerate lowenergy defect structures joined by two paths with low migration energies may be responsible for the large prefactor of the self-interstitial contribution to the self-diffusivity in silicon. The low-migration-energy paths include both an 'interstitial' mechanism in which an atom diffuses via the hexagonal sites without exchanging with the host lattice and 'interstitialcy' mechanisms which involve an exchange of interstitial atoms with the host lattice via the hexagonal-split-110 path.
Combining our results for the defect formation and migration energies yields activation energies for interstitial-mediated self-diffusion of about 3.5 eV (LDA) and 3.8 eV (PW91-GGA). These values are both significantly lower than the best current experimental estimate of 4.84 eV [5] . There are a number of possible reasons for this discrepancy:
(1) It would be more appropriate to compare our calculated results for the activation energy with measurements of the equilibrium self-diffusion constant at low temperatures, but unfortunately such experimental data do not exist. (2) The experimental data for the self-diffusivity at high temperatures are well established, but the division into the contributions from self-interstitial and vacancy diffusion presented in references [5] and [6] may be less well founded. (3) The self-diffusion may be slowed by trapping of self-interstitials, for instance by the carbon atoms which are normally present in silicon. (4) The LDA and PW91-GGA functionals may be insufficient to give accurate values of the formation and/or migration energies. As the LDA and PW91-GGA formation energies differ by about 0.5 eV it is clear that the role of electron correlation is important and a recent fixed-node diffusion quantum Monte Carlo study has yielded even larger formation energies [27] .
A complete understanding of self-diffusion in silicon is clearly some distance away. However, we hope that by clarifying the predictions of DFT calculations we have made some progress towards achieving this goal. greater than zero. A first-order saddle point occurs when the gradient of the function is zero at r * and the Hessian has one negative eigenvalue, with the rest being greater than zero. Both minima and saddle points can be located using methods based on calculating the Hessian but, being a 3N × 3N matrix, it is expensive to evaluate and we would like to avoid such a calculation. Efficient methods have been developed for locating minima requiring only the value and first derivative of the function, such as the conjugate gradients algorithm. The problem of finding saddle points is more difficult. We have devised a simple method of the 'ridge-walking' [26] type for locating saddle points, which uses only the energies and forces. The idea is as follows: we find two points in the configuration space, r 1 and r 2 , on either side of the ridge on which the saddle point is located, and we then move these configurations in the direction of the projection of the forces on the atoms in the plane perpendicular to r 2 − r 1 .
To locate the saddle point we proceed as follows. First we guess a path between the initial and final configurations, R 1 and R 2 . We have chosen the path P = (1 − α)R 1 + αR 2 , where α = 0, 1 denote the end points. Next we locate two points, r 1 and r 2 , which bracket the point of maximum energy along the path. The initial guess for the position of the saddle point is r * = (r 1 + r 2 )/2. We now start an iterative search for the saddle point: where f 1 and f 2 are the 3N-dimensional vectors of the forces on the atoms in configurations r 1 and r 2 , respectively, S = r 2 − r 1 , and λ is a parameter chosen by trial and error. By construction S · (r 2 − r 2 ) and S · (r 1 − r 1 ) are zero, i.e., the displacements of the atoms are perpendicular to S. (iii) If the forces on the atoms are small enough we stop the procedure as the saddle point has been located. Otherwise we set r 1 = r 1 , r 2 = r 2 , and r * = r * , and go back to (i).
If at any time during the procedure the energy of r * is not greater than the energies of r 1 and r 2 , then the maximum along the path has not been bracketed and new positions must be used. In practice this problem has not arisen. Occasionally we reduce the length of the vector S by making shifts such as r 2 = r 2 − βS (and similarly for r 1 ), where β is a parameter, being careful to ensure that r 1 and r 2 still bracket the maximum along the path. This helps to converge on the true saddle point. This method tends to move away from maxima, and minima are easily distinguished because at a minimum the energy of r * is less than the energies of r 1 and r 2 . The order of the saddle point obtained is not necessarily equal to unity, and this would have to be determined by separate calculations.
